Abstract Hydration shells of normal proteins display regions of highly structured water as well as patches of less structured bulk-like water. Recent studies suggest that isomers with larger surface densities of patches of bulk-like water have an increased propensity to aggregate. These aggregates are toxic to the cellular environment. Hence, the early detection of these toxic deposits is of paramount medical importance. We show that various morphological states of association of such isomers can be differentiated from the normal protein background based on the characteristic partition between bulk, caged, and surface hydration water and the magnetic resonance (MR) signals of this water. We derive simple mathematical equations relating the compartmentalization of water to the local hydration fraction and the packing density of the newly formed molecular assemblies. Then, we employ these equations to predict the MR response of water constrained by protein aggregation. Our results indicate that single units and compact aggregates that contain no water between constituents induce a shift of the MR signal from normal protein background to values in the hyperintensity domain (bright spots), corresponding to bulk water. In contrast, large plaques that cage significant amounts of water between constituents are likely to generate MR responses in the hypointensity domain (dark spots), typical for strongly correlated water. The implication of these results is that amyloids can display both dark and bright spots when compared to the normal gray background tissue on MR images. In addition, our findings predict that the bright spots are more likely to correspond to amyloids in their early stage of development. The results help explain the MR contrast patterns of amyloids and suggest a new approach for identifying unusual protein aggregation related to disease.
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Introduction
Dynamics of water in cells and biological tissues is coupled to the local macromolecular environment [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Therefore, structural alterations of cellular proteins change the distribution and dynamics of surrounding water molecules. Recent studies [9, 12] suggest that proteins bearing pathological defects, i.e., proteins exhibiting poorly dehydrated backbone H bonds (dehydrons) [15] [16] [17] [18] , are characterized by an average energy of hydration which is significantly below that corresponding to native proteins. The entropy of water next to these structural defects is unexpectedly large and much shorter than at the other surface sites [9] . The dual behavior of the solvation water described by De Simone et al. [9] , i.e., water with regions of highly structured water molecules as well as delineated patches where the local water is less structured and has an increased mobility, is quite similar to that observed in protein unfolding [19, 20] . In these studies [19, 20] , magnetic relaxation dispersion curves of protein solutions revealed a significant increase of the short-lived water proton populations next to proteins undergoing unfolding due to physical stresses. Studying the behavior of the hydration water around such protein surfaces is crucial for understanding folding stability and aggregation and may help to design new capabilities of amyloid detection. Here, we provide a mathematical framework for correlating various morphological states of a system of test proteins undergoing aggregation with the characteristic water distribution profiles in the local environment. The present approach can constitute a basis for developing experimental protocols that exploit changes in dispersion properties of surrounding water to assess noninvasively the early stage of amyloidogenic toxic accumulations in cells and tissues.
The basic questions to be addressed are as follows. Let us assume a microscopic environment V containing N proteins, each protein having an intrinsic volume V m , in a V w content of water (V ∼ = NV m + V w ). Suppose we add N test isomers in this environment (Fig. 1) . The surfaces of these test isomers have increased densities of patches around which water molecules are less structured (have a bulk-like behavior). As control, we consider a similar-sized environment in which all N + N constituents are the same. The water content V w is compartmentalized with respect to the protein structures in four distinct fractions, i.e., bulk, caged, and two categories of surface hydration water (structured and bulk-like). Each compartment (X j ) includes water molecules that have relatively comparable dynamics characterized by an individual mean relaxation time τ j . Having the characteristic distribution of waters evaluated for the environment in which all N + N proteins are alike, what is the expected change of the water distribution when the newly added N proteins are test isomers, which have distinct surface hydrations? How does this water distribution evolve with increasing the surface density of patches of bulk-like water on the surfaces of these isomers? And what is the relative change of the hydration profile following the morphological transition of the protein system from soluble entities to various molecular composites?
Methods
To answer these questions in an effective manner, we construct a mathematical model that describes the compartmentalization of the surrounding water following the addition of N test isomers in the local environment and the association of these isomers in different composites of given structures. We derive simple mathematical equations relating the compartmentalization of water to the local hydration fraction and the packing density of the newly formed molecular assemblies. Then, we employ these equations to predict the magnetic relaxation response of water constrained by protein aggregation.
Test isomers are differentiated from background protein by the fraction of water molecules with a bulk-like behavior ( f ). f is related to the size of the protein surface area bearing structural defects, which can be estimated from molecular simulations [9, 12, [15] [16] [17] [18] . Normally, association of proteins in soluble oligomers squeezes patches of bulk-like waters from the interacting surfaces. These soluble oligomers will eventually aggregate into larger composites, burying all structural defects inside the newly formed macromolecular assemblies. Long-range interaction between oligomeric composites can also lead to the formation of stable molecular assemblies, caging water molecules inside. The quantity of water sequestered inside the aggregate structure is in direct proportion with the volume of water bound initially to the surface of individual proteins and depends on the average packing density of the aggregate. We are interested to differentiate based on hydration profiles and characteristic magnetic resonance (MR) signals between small compact composites, which are formed by expelling water between constituent units, and loose aggregates, which cage water inside the structure.
Partition of Water in the Protein System
We write the water fraction η in the form
and partition the volume of water (V w ) surrounding the proteins as In the following, the superscript (A) refers to parameters characterizing test isomers. V r denotes the remaining hydration water that has a bulk behavior.
Caged Water
The existence of caged water is reflected in the packing density of the protein, ρ, which is usually defined as ρ = VvW Vm [21] , where V m is the intrinsic molecular volume of the protein and V vW is the sum of the van der Waals volumes of the constituent atoms of the protein.
We can express the amount of caged water as
, where ρ max = 0.74 is the maximum value of random packing [22] considered in the present work. Typically, the value of ρ for a folded protein is about 0.7 [23] . In the following, we assume that this quantity is the same for the test isomers,
Surface Water
Existing experimental data [4, 19, 20, 24] and theoretical studies [1, 5, 9] show that typical surfaces exhibit sites where water molecules have much higher mobility than at polar surface sites. Let f be the fraction of surface area occupied by these sites and V np ∼ = fV s be the amount of water adjacent, or very close, to these sites. The amount of water next to the sites of highly structured water will be V p ∼ = (1 − f ) V s . According to the assumptions of the present model, we can write similar equations for test isomers, V
The amount of bulk-like water on the surface of the test isomers is assumed to be larger than for the background proteins, as f (A) > f. Based on the scaled particle theory [25] , we can express V s in terms of the molecular volume of the protein, V m . According to this theory, the intrinsic volume (V m ) of a macromolecule plus a shell of thickness l which results from the mutual thermal motions of the macromolecule and neighboring water molecules form the partial volume V 0 , V 0 ∼ = V m + asa l, where asa represents the water-accessible surface area. V 0 is roughly [21] so that the thickness of the hydration shell can be approximated by l ∼ =
0.11
Vm asa and the volume of water at the macromolecular surface becomes V s ∼ = 0.11V m . We now rewrite the total volume of water surrounding the N + N soluble peptides in the form
The right side of Eq. 2 includes the amounts of caged water, highly constrained surface water, less constrained surface (bulk-like) water, and remaining bulk water, respectively. By
where
. From Eq. 3, we separate and rewrite, for simplicity,
where X c is the fraction of caged water; X p stands for the fraction of highly constrained surface water; X np represents the fraction of less structured surface water and X r represents the remaining hydration water with a bulk-water behavior. The above Eq. 4 represents a general mathematical description of the compartmentalization of water in a system containing normal proteins and test isomers. They express the water populations X j , j = c, p, np, r, in terms of the local hydration fraction (η), protein numbers (N, N ), relative packing density (ρ max − ρ), and fractions of surface patches of bulk-like waters ( f, f (A) ).
Recompartmentalization of Interface Water Following Protein Association
Normally, association of proteins squeezes patches of bulk-like waters from the interacting surfaces, a process that is energetically favorable [26] . If m represents the average number of soluble oligomers that aggregate into a single molecular cluster, we can obtain an estimate of the recompartmentalization of water in such systems simply by substituting f (A) m in Eq. 4 for f (A) . As mentioned above, these soluble oligomers will eventually aggregate into larger composites, burying all structural defects inside the newly formed macromolecular assemblies ( f (A) → f ). Let us assume that all N test isomers are clustered together, forming an aggregate with the water accessible surface area ASA and f (A) = f, at equilibrium. Although the total amount of surface water of the newly formed molecular structure may depend on the structural morphology, the thickness ( l ) of the hydration shell remains in the same range as for individual peptides, l ∼ = 0. 
Water Caged by Protein Aggregation
Long-range interaction between oligomeric composites can also lead to the formation of stable molecular assemblies, caging water molecules inside. The quantity of water sequestered inside the aggregate structure must be in direct proportion with the volume of water bound initially to the surface of individual proteins (0.11 NV m ) and must depend on the average packing density (ρ am ) of the aggregate. Thus, we assume that the volume of caged water within the protein aggregate can be expressed by V for the entire protein assembly. Therefore, we can write readily
which describes the recompartmentalization of interface water in a system of proteins that forms loose aggregates, caging large amounts of water molecules inside.
Results
Morphological changes of the molecular assemblies described above lead to significant modifications of their characteristic hydration profiles. In Fig. 2 , we display a histogram describing the partition of caged water, highly structured surface water, bulk-like water, and remaining water in aqueous environments containing test isomers with increased bulklike hydrations (see Eq. 4). We compare the hydration profile of a system in which all N + N constituent proteins have the same value of the parameter f = f (A ) = 0.1 (control protein background) with the hydration profiles of systems in which the test isomers ( N) are characterized by f (A ) > f, i.e., have more bulk-like water in their hydration shells ( f (A ) = 0.3 and f (A ) = 0.5). By looking at Fig. 2 , we can observe that the amount of surface water with relatively high mobility increases with increasing f (A ) . According to Eq. 1, inserting extra amounts of test isomers in the volume V decreases the hydration fraction η. The amount of constrained water molecules increases at the expense of the remaining bulk water, as more water molecules from the bulk water now become surface water. The histogram in Fig. 3 shows the redistribution of water phases following the addition of N = 0.2 mM, N = 0.25 mM, and N = 0.3 mM test isomers.
In Fig. 4a , we display histograms representing the partition of water molecules in the local environment for representative morphological assemblies formed by test isomers. Seemingly, the association of test isomers to form larger composites leads to a progressive elimination of the patches of bulk-like water from protein hydration shells
Besides the decrease of the amount of water with bulk-like behavior X np < X ( pf ) np , the association of the test isomers in compact forms leads also to a significant decrease of the highly constrained surface water X p < X ( pf ) p , which is caused by the decrease of the water accessible surface area (ASA) of the multimeric composites (Eq. 5). In contrast, during the formation of loose protein aggregates that cage additional water molecules between constituent units X c < X
, part of the surface water now becomes caged water. This gives rise to a distinct pattern for the compartmentalization of water in the protein system (see Fig. 4 ). The present approach provides a mathematical framework for correlating different morphological states of a system of interacting proteins with the characteristic water distribution profiles in the local environment. These hydration profiles {X j } can be used to predict the magnetic relaxation response of surrounding water for each given structural archetype discussed above (i.e., single, soluble oligomers, and aggregates). A physical quantity that describes the magnetic relaxation process is the transverse relaxation time, T 2 [27, 28] . T 2 is a measure of how long the resonant water protons remain coherent or precess in phase following an applied radiofrequency magnetic field. The inverse of the transverse relaxation time reads [27, 28] 1
with 1 T 2, j given by
Here, ω L is the Larmor frequency that depends on the intensity of the magnetic field (B 0 ) and proton gyromagnetic ratio (γ = 2.67510 8 s for water protons. τ j represents the relaxation time of the water molecules in each water phase X j , τ j ∈ τ c , τ p , τ np , τ r . Both experiments [4, 19, 20, 29, 30] and theory [1, 5, 7, 9, 24] suggest the following hierarchy τ r < τ np < τ p < τ c , where τ r ∼ = 10 −12 s characterizes the mobility of water with no constraints [7, 9] ; τ np ∼ = 10 −10 s represents the average relaxation time of bulk-like water on the protein surface [4, 9, 19, 20, 29, 30] ; τ p ∼ = 10 −9 is the typical relaxation time of highly structured surface water [4, 9, 19, 20] and τ c > 10 −8 s stands for the relaxation time of immobile water molecules buried in macromolecular structures [1, 9, 29, 30] . From Eq. 7, we can infer that the difference between various partitions of the water phases in the volume V following the addition of the test isomers is the source of the magnetic resonance contrast between morphological states of the protein system. To predict the T 2 values corresponding to typical hydration profiles discussed above, and shown in Fig 4b, we use Eq. 8 with X j given by Eqs. 4-6. In computations, we set B 0 = 9.4T for the applied magnetic field. The first three bars in 
Discussion
Within the present work, we investigated the partition of constrained water molecules following the addition to the existing protein background of various test isomers bearing surface patches occupied by highly mobile water molecules. We derived simple mathematical equations correlating the characteristic water populations X j (bulk, caged, and the two categories of surface hydration water, i.e., structured and bulk-like) with structural parameters of the system, such as hydration fraction (η), protein numbers (N, N), relative packing density (ρ max − ρ), and fractions of surface patches of bulk-like waters ( f, f (A ) ). We also analyzed the change of the water partition after the association of the test isomers in distinct aggregation states, i.e., small compact composites that are formed by expelling water between constituent units and loose aggregates that cage water inside the structure. Our study shows that distinct morphological states of these protein systems are characterized by well-defined fractions of confined water at specific locations of the molecular structures.
Our results suggest that microscopic environments containing protein isomers that have lower energies of interaction with surrounding water (i.e., increased surface densities of patches occupied by water with a bulk-like behavior) as well as small soluble composites and compact aggregates formed by these isomers are likely to give rise to hyperintense magnetic contrasts (increased T 2 values). On a grayscale, the pixel intensities of the MR images of such environments (voxels) will appear brighter than the control protein background (see the middle bars in Fig. 5 ), with the magnetic contrast corresponding to a compact aggregate being the brightest (see the last bar in Fig. 5 ).
It is worthwhile to note at this point several recent studies on the polymerization of amyloid beta units into fibers. Although initial studies of the amyloid structures suggested that the strands composing the fibrils are filled with water [31, 32] , recent data indicate that this is unlikely [33] [34] [35] . Studies probing the stability of amyloid fibers suggest that water exclusion is part of the temporal transition transition process from the early stage of amorphous aggregation to that of fibrillation [36] . During the maturation phase, side chain packing and intramolecular hydrogen bond formation between beta-sheets are optimized [36] . Therefore, the packing of amyloid peptides in fibril strands reaches the optimum value while, water in the interior of the fibril strands vanishes. Indeed, X-ray diffraction studies revealed the existence of a completely dry interface between beta-strands from which it was concluded that the stable structural unit of the cross-beta spine is a pair of beta-sheets [34] . Interestingly, the study shows that, in contrast with the interface between the two tightly bonded beta-sheets in a pair which is dry, the separation between two adjacent structural units in microcrystals is lined with water molecules, forming a wet interface [34] . Therefore, we cannot rule out the possibility that mature amyloid plaques, formed by the accumulation of large amyloid fibrils in the extracellular environment, contain water molecules caged between the constituent fibrils. In light of experimental observations [33] [34] [35] and based on the present theoretical results, we suggest that nascent amyloid protofibrils can be detected based on the magnetic contrast produced by the water constrained at interfaces. Soluble amyloid oligomers and nascent fibrils have less structured water and virtually lack caged water. They will induce hyperintense signals in the characteristic voxels as well as increased T 2 relaxation times. This will be in contrast with large plaques constituted by the association of many fibrils which are identified as dark spots on gray normal background tissue [37] [38] [39] [40] [41] .
Our study may prove useful in generating new testable predictions of circumstances related to the presence of amyloidogenic proteins in a given aqueous environment. Progress in understanding the chemistry effects induced by such molecular entities on the dynamics of the surrounding water in combination with data from new MR spectroscopic methods for determining the overexpression of abnormal proteins and their state of association in the cell [42, 43] can help in designing efficient MRI protocols to be used in detecting the early molecular alterations in amyloidogenic diseases.
Refinements of the present theory can be obtained by using molecular dynamics (MD) simulations and MRI measurements of protein solutions. MD simulations of the oligomerization process of amyloidogenic proteins are becoming increasingly relevant [44] [45] [46] [47] . However, an explicit atomistic description of the solvation phenomena described in the present work remains computationally very expensive, due to the very large number of participating water molecules. In principle, the access of the MD simulations to the conformational space and time scales of interest here can be facilitated by describing watermediated interactions between amyloidogenic units by a potential function of the type we proposed recently [48] . The use of potential functions of this type has been shown to lead to a marked improvement in protein structure prediction [49] .
